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1. The Hamiltonian in the interaction picture

By defining the single-photon detunings D, =w, - w;, and D, =w, - (W; - w,,) and
the two-photon detuning d =D, - D, =w, - w, - W,,, we can write the Hamiltonian
for the lambda(L ) system in the appropriate rotating frame (interaction picture), after

the rotating-wave approximation (RWA),

H =-nd|2><2|-/D, |3><3|- 1[|1><3|+|3><1|]- h\;\/z[|2><3|+|3><2|],

1)
where W, =d;E /% and W, =d,E,/% are the (single photon) Rabi frequencies
which characterize the coupling between the atomic dipole d and the laser electric

field E = E, cosw,t + E, cosw,t . A general state of the form

ly >=c,() [1>+C, (1) |2 > +cq(1) | 3> )

obeys the Schrodinger equation H ly >=in{, |y >, yielding the following differential

equations:
&0 O (054 o
d ca;@1 n¢ &8
hd—(; —C 0 2 W, +GC, + 3)
8 8W1 Wz 2D1 éca a

2. The dark state
The matrix of the above Hamiltonian can be easily diagonalized Let | be the
eigenvalue of the Hamiltonian, which is determined by the characteristic equation as

follows.

Wl3 \/\/l ’Wl W2 ,W 5

N
11> T

Fig.1 L type three-level system
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10 W,
detf 0 2d-1 W, |[=0® | =0,- D, +/0% + W2 + W2 (4)
W, W, 2D,-I

The eigenstate corresponding to the eigenvalue | =0 is
Y >ome= s (W, 13- W, 25) ©)
W +W,

which contains no excited state component. Therefore, this state is immune to

spontaneous emission and called the dark state.

3. Introduction of the decay
To calculate the electric susceptibility of the probe transition (]1> « |3>), we need to

introduce the decay terms, which account for spontaneous emission and dephasing of

the ground state, to the original Hamiltonian,
H, =H - ing, |2><2|-ing, |3><3]|. 6)

This is non-Hermitian, so the norm of the state does not conserve. However, we can use
this effective Hamiltonian as long as the probe field is week (W, ® 0) and the
population of the excited state is small (C; <<1) (for more details, see Lukin’s lecture

note at http:/lukin.physics.harvard.edu/teaching.htm). The resultant equations of

motion are

¢, :'( 2" id)02+i%c3 (7)
¢, =-(g,- 'D1)03+'7101+'7202-

Here, we introduce the generalized (complex) decay parameters

G,=9,-id

. (8)
Gls =0;- |D1

4. Absorption and dispersion line shape
We are interested in the susceptibility C for the probe field which is proportional to the

off-diagonal matrix element r, =C,C, in the steady state. By setting c, =1,

¢, =C¢, =0, we get
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Using the relationCc = 2d,, Mg U 2d123 r.,,andr , =C,C, » C,, we finally obtain
eo El 31 eOhV\/l 31 31 3%¥1 37
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The following is a Mathematica calculation of the real (dispersion) and the imaginary
(absorption) part ofc with different control (coupling) field detunings D,. Several
interesting features can be seen:
1. The absorption vanishes completely at D, =D, (dark resonance).

2. Extremely steep dispersion curve at D, = D, (slow light).
3. For |D2|>gs, sharp Raman absorption peak with the same height as the

one-photon absorption peak appearsat D, =D,.

¥3=3

¥2=0

02=1

22=0

6=n1-n2

rl2=y2-16

r13=%3-1al

Kai =1 rl2 / (r12113+Q272/4)

Aot {ImKa ], Re[Kail}, {al, -10, 10}, RotSyle->

0.3

0.2

0.1

-0.1

{{Thi ckness[0.01], Rl or [1, O, 013}, {Thi ckness[0.01], RB®l or [0, O, 173},

Frane -> True, GidLines -> Autonatic]

AN 03

/TN - /\

| \ —7 N\

-10 5 Dl 5 10 10 5 D1 5 10
09:=39,=0,D,=0,W, =1 0;,=30,=0,D,=5W, =1

35



